We study theoretically the dynamics of a system of two magnetizable particles suspended in a non-magnetic fluid subject to a rotating magnetic field when a modulation on the Mason number (ratio of viscous to magnetic forces) is applied. We find, using a periodic modulation, that a resonant-like phenomenon between the periodic modulation of the Mason number and the intrinsic radial oscillation of the system without modulation occurs. For a random perturbation of the Mason number, we obtain an optimum noise strength at which the average interparticle distance reaches the lowest value. When a weak periodic modulation and a noise source are included in the Mason number, stochastic resonance (SR) is found for different frequencies and amplitudes of the modulation. An interpretation of this SR phenomenon is made by means of a threshold crossing mechanism.
Introduction
Magnetorheological (MR) suspensions consist of magnetizable particles (diameter ∼1-10 µm) suspended in a nonmagnetic fluid. They possess the unique ability to undergo rapid (within a few milliseconds), nearly completely reversible, significant changes in their strength (yield stress change from ∼0 to 100 kPa) upon application of an external magnetic field [1] . This significant change in flow behaviour is accompanied by a change in suspension microstructure. When exposed to an external magnetic field, the particles in a MR suspension acquire dipole moments and, due to the induced dipolar interactions, aggregate to form chain-structures aligned with the field. These structures restrict the motion of the fluid, thereby increasing the viscosity of the suspension (up to 10 5 -10 6 times). Most of the studies to date have focused on the response of MR suspensions to unidirectional magnetic fields [2] [3] [4] [5] [6] . However, in the last few years their response to rotating magnetic fields has been a research area of new interest. Thus, Helgesen et al [7] carried out experiments on a system of two magnetic holes (non-magnetic microspheres in a ferrofluid) 3 Author to whom correspondence should be addressed. subject to a rotating magnetic field. They found two different rotating regimes depending on the value of the rotating frequency being below or above a threshold frequency. At low frequencies, the pair rotates uniformly and is phaselocked to the field. However, once the frequency overcomes a threshold value, the pair is not able to follow the field due to the viscous friction so its phase lag increases with time until it reaches the value π/2. Beyond this point, the magnetic torques reverse sign, forcing the pair to rotate backwards. This continues until the field 'catches up' with the pair (zero phase lag) and a new cycle of forward and backward rotation takes place. Furthermore, in this asynchronous rotation regime, an additional radial oscillation of the pair is observed in which the particles separate a certain distance each time that the axis between the particles rotates opposite to the field. At the same time, Kashevsky and Novikova [8, 9] theoretically studied the interactions between pairs of magnetic particles or magnetic holes under rotating fields predicting a similar behaviour. In a more recent work Kashevsky and Kuzmin [10] showed that hydrodynamic interaction makes the pair behaviour very sensitive to the particle surface conditions.
The behaviour of a system formed by up to seven particles in a rotating magnetic field were reported by Meakin and Skjeltorp [11] . Different rotational modes were found depending on the rotating frequency. At high rotating frequencies these modes became extremely complicated and chaotic states were found. Experimental studies regarding multiparticle dynamics under rotating magnetic fields have been recently reported in MR suspensions using scattering dichroism [12, 13] and microscopy [14] . In these works the formation of chains that rotate with the field but lag behind by a constant phase angle has been shown. We also found that the Mason number, Ma (ratio of viscous to magnetic forces), governs the dynamics of the field-induced dipolar chains under rotating fields. This dimensionless parameter 4 is given by [15] [16] [17] 
where η is the solvent viscosity, ω 0 is the field rotating frequency, and µ s and µ 0 are the solvent and vacuum magnetic permeability, respectively. A cross-over Mason number was found above which the viscous forces dominate and inhibit the aggregation process.
In this paper, we theoretically study the dynamics of simple MR suspensions under rotating magnetic fields when a modulation on the Mason number is applied. The system consists of a pair of magnetizable particles immersed in a non-magnetic fluid. We analyse the behaviour of the system for different types of perturbations on Ma. Using a periodic modulation, we observe that a resonant-like phenomenon between the periodic modulation of Ma and the intrinsic radial oscillation of the system without modulation occurs. When a weak periodic modulation and a noise source are included in the Mason number, the stochastic resonance (SR) 5 is found for different frequencies and amplitudes of the modulation (see reviews [18] ). This phenomenon has been theoretically predicted for ferromagnetic monodomain particles dispersed in a solid phase when an alternating magnetic field is imposed [19] . Recently, Alarcón and Pérez-Madrid have found that a ferromagnetic dipole immersed in a shear flow exhibits SR when a weak oscillating magnetic field is acting on it [20] .
Theoretical model
We consider a pair of spherical magnetizable particles of diameter 2a suspended in a fluid of viscosity η and subject to rotating magnetic fields of amplitude H 0 and angular frequency ω 0
When the magnetic field is applied the particles acquire a dipole moment m = (4π/3)a 3 M, where 2a is the particle diameter, and M = χ H is the particle magnetization; here χ is the particle magnetic susceptibility. We assume that the magnetic interaction of the particles dominates their random thermal motion. In other words, the key dimensionless parameter that measures the ratio of magnetic to thermal energies will be much larger than one, λ 1. This ratio is defined as λ = µ 0 µ s m 2 /16πa 3 k B T , where k B is the Boltzmann constant, and T is the temperature. Neglecting the inertia term, and considering Stokes friction against the solvent, the equation of motion of the pair is
where γ = 6πηa is the Stokes drag coefficient, r ≡ r 2 − r 1 , r 1 and r 2 being the positions of particles 1 and 2, respectively. We use the point-dipole approximation to compute the magnetic force F m , i.e.
wherer ≡ r/r andm = (cos(ω 0 t)x + sin(ω 0 t)ŷ). Note that as we are using one-particle Stokes' hydrodynamics, an excluded-volume force F ev must be included to keep particles from overlapping. This force is calculated from [21] 
where we assumed A = 2 and B = 10. Similar repulsive forces have been used in previous works [21, 22] . The parameter A is chosen in order to give zero interaction force when the two particles aligned along the field direction and interacting with dipolar force, are in contact (i.e. r/2a = 1). With B = 10 the ratio between dipolar and excluded-volume forces of the two particles aligned with the field reaches the value ten (the value 0.1) when the distance between the particles increases to r/2a = 1.1 (decreases to r/2a = 0.9). We rewrite the pair evolution equations in terms of the dimensionless distance between particle centres, R ≡ r/2a, and the angle of the pair orientation, φ:
where a timescale t s ≡ 12 2 η/µ 0 M 2 which leads to a dimensionless time equal to τ ≡ t/t s has been introduced in equations (6) and (7). The temporal scale, t s , gives a dimensionless rotating frequency equal to the Mason number ω 0 t s ≡ Ma, i.e. to the ratio of the viscous to magnetic forces. It means that the dynamics of the pair motion is governed by the Mason number. We rewrite equations (6) and (7) using the phase lag between the field and the pair orientation
Dynamics at constant Ma
First, we study the problem using a constant Ma, i.e. the reported case in previous works [7, 8] . In agreement with their results, we find two different regimes depending on the dimensionless driving frequency (or Mason number). Some examples are presented in figure 1(a), where the time evolution of the interparticle dimensionless distance R, after the transient, is plotted at various Mason numbers for the initial conditions R = 3 and α = 0. For low Mason numbers, a rigid doublet is formed, i.e. the interparticle distance remains constant at R = 1 (see dotted line in figure 1(a) ). This rigid doublet rotates uniformly and is phase-locked to the field. This rotation is governed by the equation sin(2α 0 ) = Ma/2 (see equation (9)). For high Mason numbers, above a threshold value located at approximately 1.3, the pair goes through a periodic sequence of forward and backward rotations with additional radial oscillations (see dashed and solid lines in figure 1(a) ). The amplitude of the radial oscillations decreases as Ma increases in agreement with the results found by Kashevsky and Novokova [8] . The angular dimensionless frequency of the radial oscillations, ω R , increases linearly when increasing the Mason number (see figure 1(b) ). We must point out that these results have been obtained considering the fluid resistance through the simple Stokes friction.
However, it is well-known that once the pair approaches very close, smaller than the particle diameter, hydrodynamic particle-particle interaction occurs, and lubrication forces become important in order to describe the pair dynamics. Kashevsky and Kuzmin studied the dynamics of a system of two particles subject to a rotating magnetic field taking into account the hydrodynamic interaction [10] . They found that the threshold frequency that separates the synchronous and asynchronous regimes shifts to a smaller value, i.e. the asynchronous rotation regime begins at lower Mason numbers. However, they did not find an appreciable change in the frequency of the radial oscillations when considering hydrodynamic interaction. The results we present in this work are based on the interplay between the modulation of the Mason number and the intrinsic radial oscillation of the system without modulation. Since these radial oscillations remain almost unaltered, it is expected that the same type of resonant-like phenomenon takes place when the hydrodynamic forces are accounted for.
Dynamics at modulated Ma
We have found in the previous section that the state of the system depends on the value of the Mason number. Therefore, it is expected that a time-dependent perturbation on Ma changes the state of the system. In this section we will analyse the pair dynamics when a perturbation on the Mason number is applied.
Periodic perturbation
We have studied the effect of a periodic modulation on the Mason number, i.e.
where Ma 0 is the average Mason number, is the amplitude of the modulation and is the modulation dimensionless frequency. We study the behaviour of the interparticle dimensionless distance R when a small modulation amplitude is applied ( = 0.15) at different modulation dimensionless frequencies (ranging from = 1 to 5). Figure 2 shows the temporal evolution of the interparticle dimensionless distance and its corresponding power spectrum for different modulation frequencies at Ma 0 = 1.5. For = 1 and = 3, a multiperiodic oscillation occurs in the interparticle distance (see figures 2(a), (b), (e), and ( f )), being the two fundamental frequencies the respective frequency of the modulation and the corresponding frequency of the radial oscillations without modulation at Ma = 1.5, ω R 1.8 (see figure 1(b) ). Combinations of both frequencies, ± ω R , are also found. This result means that the well-known radial oscillation of the system without modulation still appears when the Mason number is periodically modulated. Therefore, two different movements govern the dynamics of the pair of magnetizable particles immersed in a non-magnetic fluid; the intrinsic radial oscillation, i.e. the natural oscillation of the system, and a periodic movement due to the external forcing on the Mason number. Now, a natural question arises, what will happen when the modulation frequency matches the natural frequency of the radial oscillations? The result is shown in figures 2(c) and (d). Now, only one peak and its harmonics appear, indicating that the frequency of the external forcing on Ma matches the intrinsic oscillation of the system, so a resonance phenomenon takes place.
To study how this resonance affects the behaviour of the average interparticle dimensionless distance, R mean , we have analysed R mean when the Mason number is periodically modulated. The results of R mean versus the modulation dimensionless frequency are shown in figure 3 for a small modulation amplitude = 0.15, at two different average Mason numbers. In both cases, R mean is nearly constant and close to the value without modulation through most of the range of modulation frequencies. However, when comes close to the intrinsic radial oscillation frequency associated with its average Mason number ω R (Ma 0 ), R mean changes noticeably. The curve has a sharp minimum at a value of which is slightly smaller than ω R , and a sharp maximum at a value slightly greater than ω R . Between the minimum and the maximum, the function increases with increase in the modulation frequency. This resonant curve ( , R mean ) is similar to the well-known dispersion curve which explains the variation of the real part of the refractive index of a medium with the electromagnetic field frequency [23] . As we mention above, the intrinsic radial oscillation frequency ω R is a function of the Mason number (see figure 1(b) ). Therefore, when we modulate the Ma, the natural frequency of the pair system without modulation ω R gets broader around its value so there is a range of modulation frequencies that resonate. The distance between the minimum and maximum peaks roughly measures the spectral width of the intrinsic oscillation. Then, this spectral width should depend on the modulation amplitude value since more frequencies are incorporated into the intrinsic radial oscillation as increases. In figure 3 , both curves have the same modulation amplitude, so the distance between the minimum and maximum peaks is approximately the same for both curves, in agreement with our hypothesis. To study the dependence of the distance on the modulation amplitude, the average distance R mean versus at Ma 0 = 1.5 for different modulation amplitudes is plotted in figure 4 . It can be seen in this figure how the spectral width, i.e. the distance between the minimum and maximum peaks, increases as the modulation amplitude increases. We also observe that the change in the value of R mean is larger as the modulation amplitude increases.
From the previous results it is clear that a type of resonant phenomenon is taking place in the system, since two periodic oscillations coexist. Moreover, we have seen that the average interparticle distance can be controlled, by means of the periodic modulation, for modulation frequencies close to the intrinsic radial oscillation frequency that appears in the system without modulation.
Random perturbation
In this section we introduce fluctuations in the Mason number by means of a zero-mean, Gaussian white noise, g(τ ), with autocorrelation function
and intensity D. Under these conditions the Mason number can be read as
We study the behaviour of the average interparticle dimensionless distance R mean when a noise source is applied to the Mason number. Figure 5 shows R mean versus noise strength D at Ma 0 = 1.5. Here, R mean has been averaged over 500 realizations. We can see in this figure that there is a value of the noise strength at which the average interparticle dimensionless distance reaches a minimum. This optimum noise strength gives a value of R mean slightly lower than the value obtained without the random source, although the variation is not appreciable. Now we consider the combined effect of modulating the Mason number with a periodic modulation and a noise source to study the phenomenon of SR. Thus, we introduce a weak periodic modulation, as in equation (10), and a noise source, as in equation (12) on the Mason number. Therefore, the Mason number can be read as
where all the parameters have been defined above. In order to get the rigid doublet state (R = 1) in the absence of noise we take an average Mason number Ma 0 = 1.2 (slightly smaller than the threshold value), and we choose a small value of the modulation amplitude ( < 0.05) to avoid reaching the threshold Mason number placed around 1.3.
To observe SR, we numerically integrate equations (8), (9) , and (13). We calculate the power spectrum of the temporal evolution of the interparticle dimensionless distance R. In particular, for each set of parameters ( , , D), we calculate an averaged power spectrum over 500 realizations. These spectra show a principal peak above the noise background located at the modulation frequency ( ), which indicates the existence of a coherent movement. To analyse the dependence of the noise-induced coherent motion on the noise strength, we calculate the ratio of the peak of the signal and the broadband noise level at the signal frequency, which is the signal-to-noise ratio (SNR). Figure 6 shows the SNR versus D for a modulation frequency = 0.8. We observe a maximum in the SNR for the three curves corresponding to different modulation amplitudes, which indicates the presence of SR.
To understand how SR takes place in our system, we analyse in more detail the dynamics for the particular case = 0.01 . In this case, the value of the noise strength that gives a maximum SNR is D ≡ D r 2 × 10 −3 (see figure 6 ). Figure 7 shows the temporal evolution of the Mason number (points), given by equation (13) , for an individual realization using different noise strengths. For comparison, we also plot the periodically modulated Mason number Ma 0 + sin( τ ) on the right axis (solid line). For D < D r , the Mason number does not reach the threshold value, so the two particles remain in the rigid doublet state, i.e. R 1. However, at D D r , the noise source causes Ma to surpass the threshold value allowing radial oscillation cycles in the pair dynamics. We can see in figure 7 (centre graph) that Ma roughly surpasses the threshold value once every period. We define an average dimensionless time between threshold crossing induced by the noise as T N (D), which is a function of the noise strength. A statistical synchronization takes place when this time T N is comparable with the period 2π/ of the modulation signal. This yields the timescale matching condition for SR, i.e.
For higher noise levels (D > D r ), Ma crosses the threshold many times but no correlation between the average time between threshold crossing and the modulation signal period is observed. Equation (14) implies that D r depends on the modulation frequency . To verify this dependence, the SNR at = 0.01 for different modulation frequencies is plotted in figure 8 . We see in this figure that the maximum of the SNR shifts to larger D values as the frequency increases.
Conclusions
We have theoretically studied the temporal dynamics on simple MR suspensions under rotating magnetic fields. We consider a system that consists of a pair of magnetizable particles suspended in a non-magnetic fluid subject to a rotating magnetic field. In such a system there are two different dynamic regimes depending on the Mason number. At low Mason numbers a rigid doublet rotates phase-locked to the field, while at higher Mason numbers an asynchronous rotation of the pair with additional radial oscillations appears.
The dynamics of this system when a modulation on the Mason number is applied has been studied. Using a periodic modulation, we observed that a resonant-like phenomenon between the periodic modulation of Ma and the intrinsic radial oscillation of the system without modulation occurs. The average interparticle distance versus the modulation frequency curve shows the typical behaviour of the dispersion curve of a medium [23] . The curve has a sharp minimum at a value of the modulation frequency which is slightly smaller than the intrinsic radial oscillation frequency, and a sharp maximum at a value slightly greater than the intrinsic radial oscillation frequency. For a random perturbation on the Mason number we obtained an optimum noise strength at which the average interparticle distance reaches a minimum, this value being lower than the value without the perturbation.
We also presented evidence of SR in MR suspensions under rotating magnetic fields when a weak periodic modulation and a noise source are added to the Mason number. We have analysed the SNR versus noise power for different frequencies and amplitudes of the modulation, and in all cases a maximum in the SNR has been found. This indicates the presence of SR. The behaviour of the system can be explained by a crossing at the Mason number threshold.
